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Definition 1: [Definition of A Definite Integral]

If f(x) is a function defined for a < x < b, we divide the interval [a,b] into n subinterval with length
h—

Ax =2 We let a = g, 22, ..., Tk—1,Tk,--.,Tn—1,Tyn = b be the endpoints of these subintervals
n

and we let x7, 25, 23, ..., 2}, ..., 2, be any sample points in these subintervals, so 2] € [z;_1, z;]. Then
the definite integral of f from a to b is
b
n
/ f(x)dx = lim Z f(xf)Ax provided that this limit exists. If it does exist we say that f is integrable
n—oo
a

i=1
on [a,b].

Note 1:

b
e The symbol / is called an integral sign. In the notation / f(z)dz f(x) is called integrand

a
and a and b are called limits of integration, lower and upper limits respectively. The dz has no
meaning by itself except indicates that the independent variable is x.

b
e The definite integral / f(z)dz is a number, does not depend on x.

e The sum Z f(z7)Ax is called a Riemann sum.
i=1



5.2 The Definite Integral

Integration

Theoreml: []

If f is continuous on[a, b] or if f has only a finite number of jump discontinuities, then f is integrable
b

on [a,b] That is the definite integral / f(z)dz exists.
a

Theorem?2: []

If f is continuous onla, b], then

b n
/f(x)dx = HILIEOZf(xf)Ax,
g i=1

—a

where Az = and z; = a + iAx

n
Exzample 1: Express lim Z(m? + z;sinz;) Az, as an integral on [0, 7].
Solution:
n
lim Y (2} + z;sina;) Az = /(x3 + zsinz) dx
= 0

™

Exzample 2: Evaluate the Riemann sum for f(z) = 2® — 6z taking the sample point to be the right
endpoints and a = 0, b = 3, and n = 6.

Solution:

. 6
. 3—-0 1 i,
With n = 6, we have Ax = % "~ 3 and z; = 0 + gt = 1,2,3,4,5,6. Rg = Zf(xi)A:c =

=1

[f(0) 4+ £(0.5) + f(1) + f(1.5) + f(2) + f(2.5) + f(3)]% = —3.9375

HNWR OO 0O
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3
Exzample 3: Evaluate / (23 — 62)dz.
0

Solution:
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Integration

HNWEROO 00O

1
-2 —+
-3 +
-4 —+
3—0 3 3 3 5 T
We have Ax = —— = —and x; = 0+i— = —Z, i=1,2,...,n. We approximate R,,. < T
n n noon
3 n n N 3 .
. 3t 31 3
/x — 6x) dx—JLH;OZf(xZ)Ax—nh_)rgoZ[<E> _6<E>] ~
0 =1 i=1
n . .
27¢% 18] 3
ZJEI;O;[F‘W]z
n
_ o 3__ .
=t Z ]
=1
= 8_1(71@1“)) _Sant )
n—oo | n 2 n 2
r 2 2
_ i [+ sn(nt 1)
nﬁoo_4 n4 2 n2
81 1)\? 1 81 —97
=lim |—(14+—| =271+ — =— —27T=—=-6.75
n—oo | 4 n n 4 4

Example j: Evaluate the following integrals by interpreting each in terms of area.
1 3
1./\/1—x2dx. 2. /x—l
0 0

Solution:

(1) Since f(x) = V1= 22 > 0, then the integral is the area
under the curve y = m for x = 0 to x = 1. Now, since
Y = (ﬂf =1—az?then 2 +¢y> =1for 0 <z < 1,
and y > 0. fl[‘his is quarter-circle with radius 1.

1
Therefore /\/ 1—2x2de = Z(ﬂ'(l)g) = %
0
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Integration

5.2 The Definite Integral

(2) The integral represent the net area under the curve y = z—1
for 0 < z < 3. The area is the deference of the areas of the

two triangle.
3

1 1 3
-1 =A; —Ay==(22)—=(1.1) = =.
J@-do =1 - 4= S - S0 =
0
5.2 Properties of The Integral
b
/ cdxr =c(b—a) where ¢ is any constant

3. cf(z)de =c | f(z)dx where ¢ is any constant

5.3 Properties of The Integral

b c b
/f(x)dx:/f(x)dx—i—/f(x)dx where a < ¢ <b
a a C ,
6. If f(x) >0fora<axz<b, then /f(x)deO
ab b
7. If f(x) > g(x) for a <z < b, then /f(x)de/g(x)dx
a ba
8. Iftm> f(z) <M fora<xz<b, thenm(b—a)z/f(x)deM(b—a)

1
Example 5: Use the properties of integrals to evaluate / 4+ 3x
0

February 7, 2015 5 (© Dr.Hamed Al-Sulami



5.2 The Definite Integral Integration
Solution: .
1
Note that /4dx =4(1—-0) =4, and /x2 dx = 3
0
1 1 .
/(4+3x /4dx+3/x2dx:4+3§:4+1:5.
0 0
||
10 8 10
Exzample 6: If it is known that /f( )dx = 17 and /f dx =12, find /f(x) dx.
0 8
Solution:
8 10 10
Note that/f d:c+/f( )dx:/f(:c)dx
0 8
10 10 8
Hence/f(x)dw / /f Ydr =17 —-12 =5..
8 0
||

1
Example 7: Use the properties of integrals to estimate / e da.

0
Solution:

Since f(z) = e~ is continuous on [0, 1] and differentiable on (0, 1), we can find the absolute maximum
1
and absolute minimum. f'(z) = —2ze™" = f'(z) =0< 2 =0. Now, f(0) =1, and f(1) = o hence

1
S<e® <1, for0<z<1.
e

1

1

1 1

Then —(1 —-0) < /e_f”’2 dr < 1(1 —0). Thus — < /e_f”’2 dr < 1.

e e
0 0
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3 The Fundamental Theorem Of Calculus

3.1 The Fundamental Theorem Of Calculus, Part I

The first part of the Fundamental Theorem deals with a function defined by an integral ” the function
x
of net area under the curve of another function” given by g(z) = / f(t)dt where f is a continuous
a

function on [a,b] and z varies between a and b.

area ¥ g(z

A
<




5.3 The Fundamental Theorem Of Calculus

Integration

Theoreml1: [The Fundamental Theorem of Calculus, Part I]
If f is continuous on [a, b], then the function g defined by g(x) = / f@t)dt a <z <bis continuous
on [a, b] and differentiable on (a,b), and ¢'(z) = f(z).

€T
d
Note 1: Using Leibeniz notation for derivatives, we can write FTCI as . / f(t)dt = f(x). Also
x
a

a h(x)
@ 5 [ roa=-1 [ 10d= o
h(z) a
J h(zx)
®) [ f(tyd = F)W (@)~ Flo()g (@)
9(z)

x
Example 1: Find the derivative of / V1+t2dt.
0

Solution:

d X
Using FTC1, . / V1+t2dt =1+ 22
0

||
1.4
.. d
Example 2: Find — [ sectdt.
dx
0
Solution:
1.4
d
Using the note after FTC1, T /sectdt = sec (z1)4a® = 423 sec ().
x
0
a7 d | d d
Another solution: let v = 2, then — /sectdt = — /sectdt—u = secu" = 423 sec (zh).
dx du dx dx
0 0
||

Theorem?2: [The Fundamental Theorem of Calculus, Part II]
b
If f is continuous on [a,b], then / f(z)dx = F(b) — F(a) where F is any antiderivative of f. ( A

function F such that F'(x) = f(z).)
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Integration

Note 2: We usually use the following notation /f(x) dz = F(z)|” = F(b) — F(a).

a
3
Example 3: Evaluate / e’ dx.
0

Solution:
Since ()" = €”, then an antiderivative of e” is e”.
3

Hence/exdaz: 6x|g:63—60:€3—1.
0

Example 4: Find the area under the curve y = z? from 0 to 1.
Solution:

23\ 3
Since <§> = 22, then an antiderivative of 22 is 3

6
1
Ezxample 5: Evaluate / —dx.
x
3

Solution:

1 1
Since (In |z|)’ = —, then an antiderivative of — is In |z|.
) 1 x x
Hence /— dr=1In|z|[5 =6 -3 =In2.
T
3

Example 6: Find the area under the curve y = cosz from 0 to b where 0 < b < g

Solution:

/

Since (sinx)” = cos z, then an antiderivative of cos z is sinz.

b
Hence A = /cosxdx = sinxlg =sinb—sin0 = sinb.
0

3
1
Example 7: What is wrong with the following / —dr = —
x
-1

Solution:
1 1

Notice that — > 0, and hence the integral can not be negative. Since —;, is discontinuous on [—1,3],
x x

then we can not use the FTOC2 for this function.
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5.3 The Fundamental Theorem Of Calculus

Integration

Theorem3: [The Fundamental Theorem of Calculus]

Suppose f is continuous on [a, b].

1. If g(x) = /f(t) dt, then ¢ (z) = f(z).

2. /f(:c) dr = F(b) — F(a) where F is any antiderivative of f. ( A function F such that F'(z) =
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4 Indefinite Integrals and The Net Change Theorem

The notation / f(x) dx used for antiderivative of f and is called an indefinite integral.

Thus /f(ac) dr = F(z) means F'(z)= f(x)

1.

:c/f(:c)dx

3. [ kde =kx+C

7. dx =Inlz|+C

8

9. [ cosxdx =sinx +C

fere
/
5. [ede—ersc
/
/

11. /secxtanxdx—sec:c+0
13. /csc xdr = —cotx +C
15/30 dr =tan lz +C
17. /smhxdaz—coshx+0

2./[f(:v):|:g(m)]dm:/f(:c)dx:i:/g(:c)dx
" $n+1
4./x dx:n+1+C for n # —1
aZE
6./a“"d:v:—+C'
Ina
8/smxdx——cosx+C




5.4 Indefinite Integrals and The Net Change Vs Integration

Ezxzample 1: Find /(10x4 — 2sec? z) dx.

Solution:
/(10:64 — 2sec’ x) dx = 10/m4dx - 2/86C2$d$
25
= 103 —2tanx + C
=22° — 2tanz + C.
| |
. cos 6
Ezxample 2: Find — - db.
sin
Solution:
cos 1 cos6
df = do
/ sin? 6 / sin @ sin 6
:/cotHCSCHdH
= —cscl+C.
n
3
Example 3: Find /(3:3 —6z)dx.
0
Solution:
3
4 2713
/(x3 —6z)dx = T —6—]
4 2 |,
0
3
= :c_4 — 3x2]
4 0
34 )
=7 3(3) =0
81 —27
= — — 2 = —
4 7 4
| |
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2
Example 4: Find / (2x3 — 6z + 5 > dx.

2 +1
0
Solution:
2 2 2 2
3 1
/(2x3—6x+2—> dx:2/x3dx—6/xdx+3/2—dx
¢+ 1 x4+ 1
0 0 0 0
4 2 2
:2$——6$—+3tan*1x
4 2 0
4 2
- 322 + 3tan~! x]
2 0
16
= — —3(2)? +3tan"' 2
2 P
— —4+3tan"'2~ —0.67855
[ |
O o2 2./t
2t t“v/t—1
Example 5: Find / +t—2dt.
1
Solution:
922 2\/’ 1 922 2\/—
2 + 12/t — 212Vt
/t—Zdt:/t—Qth—Q—t dt
1 1
9
=/2+t1/2—t_2dt
1
2 11!
=2+ =t32 4 —]
3 tlg
1 2
= [18+18+=-| — [24+=+1
[ ; +9] [+3+]
1 6
=36—3+-——
+9 9
=33 5—32—1-4—324
N 9 9 79
n

Theorem1: [The Net Change Theorem]

The integral of a rate of change is the net change:

b
/ F'(z)dz = F(b) — F(a). Note 1:

e If an object moves along a straight line with position function s(t), then its velocity is v(t) = s'(t),
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Integration

to

hence / v(t)dt = s(ta) — s(t1) is the net change of position, or displacement.

t1

t2
e The speed is given by|v(t)|, hence the total distance traveled is / lv(t)] dt.
t1

to

e The acceleration of an object is a(t) = v'(t), so [ a(t)dt = v(t2) —v(t1) is the change in velocity

t1
from tl to tQ.

Exzample 6: A particle moves along a line so that its velocity at time ¢ is v(t) =t> —t —6 m/s.

1. Find the displacement of the particle on the 2. Find the distance traveled on the interval

interval [1,4]. [1,4].

Solution:

The velocity function v(t) = t* —t — 6 on the interval

[1,4] has this graph.

4 3 4
/\v(t)]dt:/—(tQ—t—ﬁ)dt—i— t2 —t—6dt
1 1 3
B8 12 S g2 o6l
:[—§+5+(>'tL+[g—g—ﬁtkzE
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5 The Substitution Rule

Let f be integrable function.

T n+1
L (G i = HD0

2./sin(f(x))f'(x)dx:—cos(f(w))—i—C 3.
4./sec2 (f(2)) f'(z)dz = tan (f(z)) + C 5.

+C forn# -1

/cos x)dr =sin (f(x))+C
I

6/%dﬂmwmﬁwnfwwﬁ:w%U@D+07/%dﬂ@MwU@Df@Mh4%U@D+C

csc? dx = —cot (f(x))+C

f(x)
“)f'(x)dx:a +C 9/ef '(z) 1@ 4 ¢

Ina

o
—
)

=

/(=) ° = sin! (f(x
10/]”(90) dz = n|f(z)| + C 11/Wd (f(x)) +C
P
12./[f(x)]2+1dx_t (f(z) +C
13/ cosh (f(x)) f'(z)dx = sinh (f(x)) + C 14. /smh x)dzx = cosh (f(z)) + C



5.5 The Substitution Rule Integration
Ezxzample 1: Find /x3 cos (z* + 2) d.
Solution:
Using change of variable, Direct integration,
let w = z* + 2, then du = 423dz. )
Thus 23de — ‘{Tu Hence /x3 cos (2t +2) dx = 1 /cos (z* + 2) 42’ dx
1
= Z/ cos (z* + 2)dx3dx
/x3 cos (z* + 2) dx = /cos (z* + 2)2dx —_— e —
cos (f(z)) f'(z)dz
du 1
= [ cos U = —sin (x4 +2)+C
e —
=— [ cosudu
4
1
=1 sinu + C
1
= Zsin(x4+2) +C
n
Example 2: Find /\/2x + 1dzx.
Solution:
Using change of variable, Direct integration,
let w=2x+ 1, then du = 2dx. )
d /o + 1 dr — /9 11
Thusd:c:;u.Hence / 2x+1dm—§/ 22 +12dz
1
p =3 / 2z +1)? 2dx
/\/2(13+1d$:/\/a—u ———
2 F@) f(@)d
_1 u'’? du 1(2z +1)%/2
2 A — + C
3/2 Z 32
— lu_ +C +1
~23)2 YO
1
1256 =-/@zt+1p3+C
23 3
1
=3 2z + 13+ C
n
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Integration

x
Example 3: Find | ——dx
P / V1 — 4a?
Solution:
Using change of variable,
let w=1— 422, then du = —8zdx.

Thus zdxr = —Tu Hence

x 1
— dr= | ——— zdx
/\/1—4:62 /\/1—43:2

x
_ T =
/\/1—43:2 8

Direct integration,

- /(1 — 42%) 72 _8adx

—1
=3 (1 — 422 — 8zdx

[f (@)]™ I/ (z)dx

1 —du
= | —=— —1(1—4.1‘2)1/2
= — /u_1/2 du [f(:l')]"+1
—1 /2 -2
=———4C =—1—-422+C
812 " 8
—2 _ -1 2
:?\/E_FC —T\/l—llx +C.
-1
= T V 1-— 4.2?2 + C
|
Example 4: Find / e dz.
Solution:
Using change of variable, Direct integration,
let © = bx, then du = 5dzx. )
d 5 5
Thus dz = gu Hence / Cdr = 5/ *5dx
1 / 5x
= - S5dx
/6596 dx = /e udu i
4 5 pEfines
=— [ e“du 1
5 / T s~ +C
1 ef (@)
=—e*+C 1
! =g
= gefm + C
|
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Integration

Example 5: Calculate / tan x dx.

Solution:
Note that /tan:cd:n = / S dz.

cosx
Using change of variable,

let ©w = cosz, then du = — sin xdzx.

Thus sin zdx = —du. Hence

/tanxdx:/smxdx
coS X
/ 1 :
= sin xdx
cos T
1
= [ —(—d
[ 5 dw
1
:—/—du
u

Direct integration,

/tan:vd:v:/smx dx
cosx
—1lsinz
=-1 dx
cos T
I'(x)
—

—sinx

= —In(|cosz|) +C
In | f ()|

=—Inlul+C
=1 1t+o0
[ 4O n|cosz|™ 4+
1
1 =1 C
=In| |+C n’cosx“—
cos
=1 C.
=In|secz|+ C n|seca| +
|
Ezxzample 6: Calculate / cot z dzx.
Solution:
cos T . . .
Note that / cotxdx = / - dx. Direct integration,
sinz
Using change of variable,
: /cot:cd:c:/cosxd:c
let © = sinz, then du = cos zdx. sin 2
_ f' (@)
Thus cos xdx = du. Hence
o8 & CoS
/cotxdx:/ - dx = dx
sinz i
1 sin
:/sinx cos xdx ——
f(@)
_/Z u =In(|sinz|) +C
——
=Inju|+C In]f (@)l
= In|si C
=In|sinz|+C nlsine|+
|
4
Ezxample 7: Find /\/ 2z + ldx.
0
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5.5 The Substitution Rule Integration
Solution:
Using change of variable, Direct integration
let w =2x + 1, then du = 2dx. A A
du 1
Thusdxz;. /\/2x+1dx:§/\/2x+12dx
whenz =0=u=2(0)+1=1and 0
4
r=4=u=2(4)+1=9. Hence :%/%Jrlm 9
0 v
¢ du [f@)r  f(@)de
0 1
L ¢ _1(2w+1)32
= — /u1/2 du A 3/2
2 ——
1 [f(m)]q“
9 n—+ 0
1
= —g\/u3 4 26
9 0
_ Lyl 2%
3 1 3
||
2
Example 8: Evaluate /
— 5x
1
Solution:
2 2
Nt/ de /(3 5x)"2d Direct integrati
ote | ———= = — 5z . irect integration
(3 — 52)2 gration,
1 1
Using change of variable, 2 2
—du _ —1 —2 d
let u =3 — bz, thendu:—deidx:T. _5$ ~ 5 (3 —52)"" —hdx
when z = 1 = u = 3 — 5(1) = —2 and ' Y
-1
x=2=u=3-5(2) =—7. Hence :?/(3—5x)_2—5dx
I —
2 —7 p @)™ f/(z)dx
/ —b5x)” 2dx = /u_2 _—5u 2
1 —2  —1(3—5x)!
-1 7 ) 5 -1
= ?/“ du [f (@)t
n+1 1
—2
2 1 P
:_?1 w2 du T BB-52)|, 14
—7
1 S R
Suh =) =
5 . Su|_, 14
||
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5.5 The Substitution Rule Integration
[
Example 9: Find / 27 .
x
1
Solution:
[ ro1
Note / i / Inz— dx. Direct integration,
T T
1 1
Using change of variable, e e
1 MT = [ e la
let w =Inx, then du = —dx. I
x 1 1
whenz=1=wu=1Inl1l=0and e
1
r=e=u=Ine=1. Hence :/lnx de
1 ~— —~—~
e 1 [f@)]" ! ()dx
1 e
/ln:c—d:v = /udu
x
1 0 ~ (Inz)?
1, T2
= —-u ~——
2 |y [f (@) +1
1 n+1 1
= 5[12 - 07 ~ (Ine)?  (In1)?
1 2 2
=5 _ 1
2
||
Example 10: Find /x\/l +xdz.
Solution:
Note that (1 4+ z)" = 1, and hence direct integration does not work.
Let u=vV14+zeu’=1+z< u?—1=2z Hence 2udu = du.
/SE\/]_ +adr = /(u2 — 1u2udu
= /[2u4 — 2u®) du
2 2
= gu5 — §U3 + C
2 2
= g(\/:c—+1)5 - g(\/m)3 +C
2 2
= V@ + 1) - 2V/(@+ 1P +C
||

Example 11: Find /x5 V1+22dx.

Solution:

Note that (1 + %)’ = 2z, and hence direct integration does not work.

February 7, 2015 7 (© Dr.Hamed Al-Sulami



Integration

5.5 The Substitution Rule

Letu=vV1+22 < u? =1+ 2% < u? — 1 =22 Hence 2udu = 2xdzx. Thus zdz = udu.

/x5\/1—i-—x2dx:/w4\/l+—x2xdx
= /(u2 — 1w udu
= /[u4 —2u® + 1]u? du
= /[u6 —2u* + u? du
L 7

2 1
:?’U, —gu5+§u3+c

S V@ - V@ 4 @R P O

|
22
Example 12: Find dz.
P / Vi+zx
Solution:
Note that (1 4+ z)" = 1, and hence direct integration does not work.
Let u=vV1+zeu?=1+z< u®>—1=z Hence 2udu = dz.
z? (u? —1)2
de = / ——— 2udu
/ vVi4zx o
= /2[u4 —2u® + 1] du
1 2
2 4
= g\/(x +1)5 — g\/(x +1P3+2Vz+1+C
|
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5.5 The Substitution Rule Integration
Now a few words about the role of symmetry in inte-
1
ration of functions. Suppose that f is a continuous ﬁ
& PP / y = f(z)
function defined on some interval of the form [—a,al, /\
some closed interval that is symmetric about the ori-
. —a a *
gin.
: : : Y y=f(2)
i) If f is an even [i.e. f(—z) = f(z)] on [—a,a], then
a a
f@) do=2 [ f(o)do i o
—a 0
ii) If fisan odd [i.e. f(—x) = —f(x)] on [—a,a], then
a
f(z) dz = 0.
—a
2 .
Example 13: Find /f#dw.
zt+ x4 +1
)
Solution:
sin sin (—z) sinz )
Let f(CC) = m, then f(—x) = (—;C)4 T (—;C)Q T 1 = —m = —f(x) Hence f is odd
2
function. / % dx = 0.
2
||
3
Example 14: Find /(3:2 +1)dx.
-3
Solution:
Let f(z) = 2® + 1, then f(—z) = (—2)? + 1 =2? + 1 = f(x). Hence f is even function.
3 3 .3 3 53
/(x +1)d 2/x +1)d 2<—+x> :2[——1—3}:24.
3 o 3
-3 0
||
4 4
Example 15: If f is an even function and /f(x) dr = 16. Find /% =
- 0
Solution:
4 4
16
Note that, since f(x) is even, then 16 = /f(x 2/f ) dz. Hence /f =5 = 8.
4 0 0
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5.5 The Substitution Rule Integration
4 fa) 4
T 1
e - = 2.
Tt VR
0 0
|
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